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Critical behavior of a quantum spherical model in a random field
Thomas Vojta and Michael Schreiber
Institut für Physik, Technische Universität, D-09107 Chemnitz, Germany
~Received 30 November 1995!
We consider the influence of a quenched random field on the critical behavior of a quantum spherical model
at the zero-temperature quantum phase transition. We find a complete solution of the model for arbitrary
translationally invariant pair interactions. It turns out that the critical behavior for zero as well as finite
temperatures is dominated by static random field fluctuations rather than by quantum or thermal fluctuations.
Therefore the critical behavior close to the zero-temperature quantum phase transition is identical to that close
to a finite-temperature transition. The system does not show a crossover from quantum to classical behavior.

While classical finite-temperature phase transitions are
comparatively well understood by now, much less is known
about zero-temperature phase transitions which are driven by
quantum fluctuations rather than thermal fluctuations. These
quantum phase transitions were introduced by Hertz1 in the
context of itinerant ferromagnets. Newer investigations include, e.g., metal-insulator transitions2 and the
superconductor-insulator transition,3 as well as orderdisorder transitions in quantum antiferromagnets4 and spin
glasses.5 The study of quantum phase transitions in systems
with quenched disorder is particularly interesting since the
disorder which fluctuates in space but not in time destroys
the symmetry between space and time dimensions. Therefore
the critical behavior can be expected to be different from that
of a classical phase transition in higher spatial dimensions.
Recently, these investigations of quantum phase transitions have stimulated renewed interest in the spherical model
introduced as a toy model of a ferromagnet by Berlin and
Kac.6 The classical spherical model is one of the few models
in statistical physics that can be solved exactly and shows
nontrivial critical behavior. Thus it has been used to investigate a variety of problems since the first studies of phase
transitions in ferromagnetic systems.6,7 Later it was also used
to investigate the influence of disorder on the critical behavior close to classical finite-temperature phase transitions in
spin glasses,8 random field systems,9 and disordered electronic systems with localized states.10 In order to study the
critical properties close to quantum phase transitions, the
classical spherical model has to be quantized. The quantization scheme is, however, not unique. Therefore different
quantum versions of the spherical model have been proposed
within the last years.11,12 While the different models fall into
the same universality class at a finite-temperature classical
phase transition, the critical behavior at a zero-temperature
quantum phase transition differs from model to model. Usually, it also differs from the finite-temperature critical behavior. In this case, for low but finite temperatures the quantum
spherical models display a crossover from quantum to classical behavior.
In this paper we study the influence of a quenched random
field on the zero-temperature phase transition of a quantum
spherical model. Quenched random fields coupling linearly
to the order parameter have drastic effects on the critical
behavior. At a classical phase transition, they lead to an in0163-1829/96/53~13!/8211~4!/$10.00
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crease of the lower critical dimension D 2
c by 1 ~Ref. 13! ~for
the Ising universality class! or 2 ~Ref. 11! ~for the spherical
model!. The influence of a random field on quantum critical
behavior was first studied by a perturbational renormalization group.14 It was found that random field fluctuations
rather than the quantum fluctuations dominate the critical
behavior. However, in some cases perturbational results for
the critical behavior of disordered systems have been proven
to be wrong15 since they neglect the very complicated structure of the phase space in disordered systems. Therefore, in
this report, we investigate the problem by means of an exact
solution of a random field quantum spherical model obtained
by a canonical quantization scheme.
In the following we briefly summarize the canonical
quantization of the spherical model.12 In order to define the
quantum spherical model we first consider a classical spherical model6 of N5L D ~D is the spatial dimensionality! real
variables S i ranging from 2` to ` that interact via a pair
potential U i j which we assume to be translationally invariant
@i.e., U i j 5U(r i 2r j )] for simplicity. The Hamiltonian of the
model is given by
H cl5

1
2

U i j S i S j 1 ( ~ h1 w i ! S i ,
(
i, j
i

~1!

where h represents an external ‘‘magnetic’’ field. The random
field values w i are independent random quantities characterized by the first two moments of the probability distribution
@ w i # w 50,

@ w i w j # w 5F 2 d i j ,

~2!

where @•••#w denotes the average with respect to the random
field. The values of the spin variables S i are subject to the
mean spherical constraint

(i ^ S 2i & 5N/4,

~3!

where ^•••& denotes the thermodynamic average for a particular realization of the random field. In some of the previous
studies of the spherical model this constraint was imposed
not on the averages, but on the values of the variables themselves ~strict spherical constraint!. Usually, both versions
lead to the same results for thermodynamic quantities. For a
detailed discussion of the relation between the mean and
8211
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strict spherical constraints see, e.g., Ref. 7. Here we have
chosen the mean spherical constraint since it is easier to generalize to the quantum case than the strict constraint.12
We now reinterpret the variables S i as operators and define canonically conjugate ‘‘momentum’’ operators P i so that
the following commutation relations are obeyed ~with \ set
equal to 1!:
@ S i ,S j # 50,

@ P i , P j # 50,

@ S i , P j # 5i d i j .

1m

S(
i

(i

D

1
P 2i 1
2

U i j S i S j 1 ( ~ h1 w i ! S i
(
i, j
i

N
S 2i 2
,
4

(k
2

F

1

G

2

~6!

where P(k), S(k), and w~k! are the Fourier transforms of
the operators and random field, respectively. The frequencies
v~k! are given by

v 2 ~ k ! 5g @ 2 m 1U ~ k !# .

(k

bv~ k !
2

D S
D
21

exp

bm N b Nh 2 12 AN w 0 h
1
4
4m

b w ~ k ! w ~ 2k !
,
4 m 12U ~ k !

~8!

f @ w # 52
2

m h 2 12N 21/2w 0 h
lnZ @ w #
52 2
bN
4
4m
1
N

w ~ k ! w ~ 2k !

1

(k 4 m 12U ~ k ! 1 b N (k ln

S

2sinh

D

bv~ k !
.
2
~9!

The Lagrange multiplier m is determined by the equation for
the spherical constraint ~3!:
05

] f @w#
1 h 2 12N 21/2w 0 h 1
52 1
1
]m
4
4m2
N
1

1
N

g

(k 2 v ~ k ! coth

w ~ k ! w ~ 2k !

(k @ 2 m 1U ~ k !# 2

bv~ k !
.
2

~10!

In principle, the value of m could depend on the particular
realization of the random field w i . A detailed analysis shows,
however, that in the thermodynamic limit N→` m is independent of the realization of the random field.17 Thus the free
energy f and the Lagrange multiplier m are self-averaging
quantities. Therefore we can separately average ~9! and ~10!
with respect to the random field to obtain the average free
energy,

m h2 1
f 52 2
2
4 4m N
1

1
bN

(k ln

S

F2

(k 4 m 12U ~ k !

2sinh

D

bv~ k !
,
2

~11!

with

g
1 2
P ~ k ! P ~ 2k ! 1
v ~ k ! S ~ k ! S ~ 2k !
2
2g

w ~ k ! w ~ 2k !
Nh 12 AN w ~ 0 ! h m N
,
2
2
4 m 12U ~ k !
4m
4

S

2sinh

where b is the inverse temperature b 51/k B T. Thus the free
energy per site is given by

~5!

where the coupling constant g determines the importance of
quantum fluctuations; g→0 corresponds to the classical
limit. The mean spherical constraint ~3! is taken care of by a
Lagrange multiplier m. We want to emphasize that the commutation relations ~4! together with the quadratic kinetic
term in the Hamiltonian ~5! do not describe quantum
Heisenberg-Dirac spins but quantum rotors. The quantum rotors can be seen as a generalization of Ising spins in a transverse field.5 They also describe the low-temperature behavior
of quantum antiferromagnets.4,16
The Hamiltonian of the quantum spherical model ~5! is
equivalent to that of a system of coupled displaced harmonic
oscillators and can therefore be solved easily. A Fourier
transformation yields

H5

)k

~4!

The quantum spherical model is then obtained from ~1! by
adding a kinetic energy term. As already mentioned, the
choice of this term is by no means unique, and depending on
the form of the kinetic energy the model displays different
dynamical behavior ~for comparison, see, e.g., Refs. 11 and
12!. Here we choose the simplest possible kinetic energy, a
sum over the squares of the momentum operators. Thus the
Hamiltonian is given by
g
H5H kin1H cl5
2

Z@w#5

53

~7!

Here U(k) is the Fourier transform of the interaction matrix
U i j , and we have fixed our energy scale by assuming that the
Fourier component U(0) for k50 is equal to zero. Now the
partition function for a fixed realization of the random field
values can be written down easily since it factorizes with
respect to k. We obtain

1
h2
1
052 1
21
4 4m
N
1

1
N

g

(k

F2
@ 2 m 1U ~ k !# 2

bv~ k !
.
2

(k 2 v ~ k ! coth

~12!

In both equations the last term represents quantum and thermal fluctuations, whereas the third term, containing F2, represents the static random field fluctuations which have exactly the same form as in the classical spherical model.9,10 In
particular, the random field terms do not depend on g or b.
As usual in the spherical model, the critical behavior is
determined by the solution of Eq. ~12! for the spherical constraint close to the critical point. At any finite temperature we
can expand the coth terms in ~11! and ~12! in the longwavelength limit u k u →0 and for small m. From this it fol-
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lows that the leading terms are the same as in the classical
random field spherical model.9,10 Consequently, the critical
behavior of the quantum spherical model close to a finitetemperature phase transition is identical to that of a classical
spherical model as is expected from general renormalization
group arguments.1
We now turn to the properties of the quantum phase transition at T50 ~b5`!. Again, the critical behavior is determined by the solution of the equation for the spherical constraint close to the critical point g5g c . g c is given by the
value of g which separates the regimes where a regular solution of ~12! exists ~large g, disordered phase! or does not
exist ~small g, ordered phase!. Thus g c is the value at which
~12! is fulfilled for m50 and h50. Since T50 the hyperbel
cotangent in ~12! is equal to 1 and we obtain

8213

‘‘magnetization’’ m5 ] f / ] h52h/2m @see Eq. ~11!#, we obtain the equation of state

2t g ;m 1F
2

2

H

C ~ h/m ! ~ D22x ! /x

~ D,3x ! ,

C ~ h/m ! u ln~ h/m ! u

~ D53x ! ,

C ~ h/m !

~ D.3x ! .

~15!

~14!

This equation is identical to the equation of state of a classical random field spherical model close to its finitetemperature phase transition.9,10 Consequently, we also find
the same critical exponents a 5(D23x)/(D22x), b 5 21 ,
g 5x/(D22x), d 5D/(D22x), n 51/(D22x), and h
522x below the upper critical dimension D 1
c 53x. Above
we
get
the
usual
mean-field
exponents
a
50,
b5 21 , g51,
D1
c
d53, n51/x, and h522x.
In conclusion, we have investigated the influence of a
quenched random field on the critical behavior of a quantum
spherical model at zero temperature. In agreement with perturbational results,14 we have found that static random field
fluctuations rather than the quantum fluctuations dominate
the critical behavior. Therefore the critical behavior at zero
temperature is identical to that at finite temperature, and the
system does not show a crossover from quantum to classical
behavior at low but finite temperatures. We note that these
results do not depend on the nature of the particular quantization scheme used to define the quantum spherical model.
The reason is that in general random field fluctuations are
stronger than thermal fluctuations in the classical spherical
model. In addition, at any finite temperature thermal fluctuations are stronger than quantum fluctuations for any model.
This corresponds to T being a relevant variable at a quantum
phase transition. From this it follows that in general random
field fluctuations are stronger than quantum fluctuations in a
quantum spherical model and thus they dominate the critical
behavior.

where t g 5(g2g c )/g c is the distance from the critical point
and the prefactor C is a smooth function of g. If we define a

One of us ~T.V.! acknowledges helpful discussions with
D. Belitz and T. R. Kirkpatrick. This work was supported in
part by the German Academic Exchange Service and by the
NSF under Grant Nos. DMR-92-09879 and DMR-95-10185.

J. A. Hertz, Phys. Rev. B 14, 1165 ~1976!.
See, e.g., P. A. Lee and T. V. Ramakrishnan, Rev. Mod. Phys. 57,
287 ~1985!; D. Belitz and T. R. Kirkpatrick, ibid. 66, 261
~1994!.
3
M. P. A. Fisher, Phys. Rev. Lett. 65, 923 ~1990!; A. F. Hebard and
M. A. Paalanen, ibid. 65, 927 ~1990!.
4
S. Chakravarty, B. I. Halperin, and D. R. Nelson, Phys. Rev. B 39,
2344 ~1989!; S. Sachdev and J. Ye, Phys. Rev. Lett. 69, 2411
~1992!.
5
J. Ye, S. Sachdev, and N. Read, Phys. Rev. Lett. 70, 4011 ~1993!.
6
T. H. Berlin and M. Kac, Phys. Rev. 86, 821 ~1952!.
7
For a review of the early work on the spherical model, see G. S.
Joyce, in Phase Transitions and Critical Phenomena 2, edited

by C. Domb and M. S. Green ~Academic, New York, 1972!, p.
375.
8
J. M. Kosterlitz, D. J. Thouless, and R. C. Jones, Phys. Rev. Lett.
36, 1217 ~1976!.
9
R. M. Hornreich and H. G. Schuster, Phys. Rev. B 26, 3929
~1982!; T. Vojta, J. Phys. A 26, 2883 ~1993!.
10
T. Vojta and M. Schreiber, Phys. Rev. B 50, 1272 ~1994!.
11
T. M. Nieuwenhuizen, Phys. Rev. Lett. 74, 4293 ~1995!.
12
T. Vojta, Phys. Rev. B 53, 710 ~1996!.
13
Y. Imry and S.-K. Ma, Phys. Rev. Lett. 35, 1399 ~1975!; J. Z.
Imbrie, ibid. 53, 1747 ~1984!; J. Bricmont and A. Kupiainen,
ibid. 59, 1829 ~1987!.
14
A. Aharony, Y. Gefen, and Y. Shapir, J. Phys. C 15, 673 ~1982!.

1 1
052 1
4 N

F2

1

g

(k U 2~ k ! 1 N (k 2 Ag Uc ~ k ! ,

~13!

c
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